We characterize the open sets in the sphere that are geodesically convex in any containing domain with respect to various conformal metrics.
Introduction
Determining the location of geodesics is an important problem in metric geometry. For example, if we conformally deform a metric space, we can ask whether balls in the original geometry are geodesically convex in the new geometry. To be precise, let Ω be a domain in the sphereR n := R n ∪ {∞} (n ≥ 2), suppose ρ ds is a conformal metric on Ω, and consider the conformal deformation For example, in 1956 Vilhelm Jørgensen proved that if D is a disk (inĈ) and D ⊂ Ω, then D is h-convex in Ω where h = h Ω denotes hyperbolic distance in Ω; see [Jør56] . Then in 1984 Gaven Martin demonstrated that if B is a ball (in R n ) and B ⊂ Ω, then B is k-convex in Ω where k = k Ω denotes quasihyperbolic distance in Ω; see [Mar85] . We establish similar results for the Ferrand and Kulkarni-Pinkhall metrics; see §2.C.3 for their definitions.
Let M = {ρ Ω ds} Ω∈O be a class of conformal metrics defined on domains Ω in some collection O of domains inR n ; see §2.C. A non-empty open set U ⊂R n is universally convex with respect to M (or briefly, ρ-UC), provided
we usually ignore trivial cases such as U =R n , U = R n , etc. The results of Jørgensen and Martin mentioned above can now be stated as follows:
Disks (inĈ) are universally hyperbolically convex. Balls (in R n ) are universally quasihyperbolically convex.
In 1982 Barbara Brown Flinn [Fli83] showed that disks (inĈ) are the only (nontrivial) universally hyperbolically convex objects. Here is our main result. ( By a sphere inR n we mean any S k (a; r) ⊂ R n or theR n -closure of any affine subspace of R n . A non-empty subset A of a sphere S inR n is declared to be circle convex in S provided A ∩ C is connected for each circle C in S. Evidently, circle convexity is a Möbius invariant, and any A ⊂ R n that is circle convex inR n is a priori Euclidean convex. The main tool we use to prove Theorem A is the following characterization of closed circle convex sets.
Proposition B. Let n ≥ 2. A non-empty closed subset A ofR n is circle convex inR n if and only if either A =R n , or A = {p} for some p ∈R n , or A is a closed ball inR
n .
In fact, the above is but a special case of the following.
Theorem C. Let n ≥ 2. For any non-empty subset A ofR n , the following are equivalent:
(1) A is circle convex inR n .
(2) For any Möbius transformationR n T
− →R n with T (A) ⊂ R n , T (A) is Euclidean convex. (3) Either A =R
n , or A =R n \ {p} for some p, or A = {p} for some p, or A = B ∪ C where B is an open ball inR n , C ⊂ ∂B, and either C = ∅ or if n > 2, then C is circle convex in ∂B, and if n = 2, then C is connected. Here is another question the reader is surely pondering: What about universal quasihyperbolic convexity? In addition to balls being k-UC (Martin's result), it is straightforward to show that Euclidean half-spaces are k-UC. In fact, an unbounded (non-trivial) open subset of R n is k-UC if and only if it is a half-space. In general, non-trivial k-UC sets are convex, however, numerical experiments suggest that fat plane ellipses may be k-UC.
We prove the above assertions (Theorem A, Proposition B, Theorem C, Corollary D) in Section 3 and discuss Example E in Section 4. Section 2 contains standard information including basic definitions, notation, and some results of independent interest such as Corollary 2.6 (which characterizes all Möbius invariant conformal metrics on doubly punctured spheres), Proposition 2.3 (which presents a useful formula relating any two inversions in terms of two natural reflections), and Proposition 2.11 (which establishes the expansion of diameter and circumdiameter under inversion). 
Preliminaries

2.A. Basic information.
n to the boundary of Ω, and when Ω ⊂ R n , 1/δ is the metricdensity for the so-called quasihyperbolic metric |dx|/δ(x); see §2.C.2. We make frequent use of the notation 
2.B. Möbius transformations. We refer to [Bea83] for the definition and basic properties of Möbius transformations. We introduce the following notation:
We remind the reader that the inversion J can be viewed as reflection across the unit sphere. However, the inversion J p is the translation x → x − p followed by reflection across the unit sphere. Thus, e.g., J −1 = J whereas J −1 p (y) = y + p. Using the Law of Cosines one can easily establish the useful fact that
It is straightforward to compute the derivative of J; we record the fact that
see, for example, [Bea83, pp. 26, 27] . We write Möb(Ω) for the conformal automorphism group of Ω; that is,
− →R n is a Möbius transformation with T (Ω) = Ω} .
We follow the standard convention that in dimension n = 2 we also require Möbius transformations to be orientation preserving. We note that for "most" domains Ω, Möb(Ω) is trivial; see [BM08] and the many references therein.
As simple examples, we mention the following automorphism groups; see [Bea83, Theorems 3.1.3, 3.1.5, 3.4.1, 3.5.1].
• Möb(R n ) is just the group of similarities of R n :
• Möb(R n ) is generated by "rotations", dilations, and J:
It is also not difficult to determine the automorphism groups for spherical rings (such as {1/2 < |x| < 2}) and for infinite slabs (such as {(x 1 , . . . , x n ) | |x n | < 1}).
Next we provide the nifty formula (2.4) that reveals an interesting relation between any two inversions J p and J q . We employ this, together with Proposition 2.11, to give a geometric proof that Möbius balls are universally Ferrand convex and universally Kulkarni-Pinkall convex.
We require some notation; see Figure 1 . Let p, q be distinct points in R n , let L be the extended line through p and q, and let M be the perpendicular bisector of [p, q] ; thus L is orthogonal to the hyperplane M which passes through the midpoint m := (p + q)/2. Next, let P be the image of M under the translation x → x − m; so P is parallel to M and passes through the origin. Notice that (by symmetry) the J p , J q images of M are spheres with centers J p (q), J q (p) (respectively) and both of these spheres are tangent to P at the origin. 
Proof. We claim that the Möbius transformation
We verify that for each
. This is trivial for the point at infinity, so, fix x ∈ M ∩ R n . It is geometrically transparent (and straightforward to verify analytically)
¶ that x − p and x − q are symmetric with respect to P. In particular,
As x ∈ M ∩ R n , |x − p| = |x − q|, and so taking s := 1/|x − p| 2 = 1/|x − q| 2 we obtain
which establishes our claim.
There is a similar type result for any Apollonian sphere with limit point p, q.
2.C. Conformal metrics.
A conformal metric on a region Ω ⊂ R n has the form ρ ds = ρ(x)|dx| where ρ is some positive Borel function defined on Ω ∩ R n (with the property that the line element ρ ds integrates to an honest distance function); we call such a ρ a metric-density. For our purposes, we always assume that ρ is in fact continuous. When Ω ⊂R n contains the point at infinity, we must use local coordinates and remember that we are dealing with a metric. Here we consider several such conformal metrics.
When two conformal metrics, say ρ ds and σ ds, are both defined on some Ω, their metric ratio ρ ds/σ ds is a well-defined positive function on Ω. We write ρ ≤ C σ to indicate that this metric ratio is bounded above by C. 
Note that the map T is then an isometry between the metric spaces (Ω, d ρ ) and (Ω , d ρ ).
Many, but not all, of the metrics that we work with are defined on all quasihyperbolic domains and are Möbius invariant (so, conformally invariant when n ≥ 3). A conformal metric ρ ds on Ω is Möbius invariant provided for each automorphism It is important to realize that the variety of Möbius invariant conformal metrics defined on a given domain depends strongly on the domain's automorphism group: when there are more automorphisms, there are fewer such metrics. For example, if say {ρ B ds} B∈B is a Möbius invariant class of conformal metrics defined on balls inR n , then in fact there is a universal constant C such that for each B ∈ B,
for the definition of λ B ds and §2.D for the description of B)
. This is not difficult to establish; see [HMM08, Lemma 4.1]. A similar result is described below in Lemma 2.5.
2.C.1. Hyperbolic metrics. Here we identifyR
2 with the Riemann sphereĈ. For a hyperbolic domain Ω ⊂Ĉ (which has at least three boundary points), there exists a unique metric λ ds = λ Ω ds on Ω which enjoys the property that its pullback p [λ ds], with respect to any holomorphic universal covering projection p :
In terms of such a covering p, the metric-density λ = λ Ω of the Poincaré hyperbolic metric λ Ω (z)|dz| can be determined from
of course this is only valid at points z = p(ζ) ∈ Ω ∩ C. Yet another description is that λ ds is the maximal complete constant curvature −1 metric on Ω.
There is no concept of a hyperbolic metric on a general domain inR n , but each Möbius ball inR n does carry a (real) hyperbolic metric. For example, the hyperbolic metric on
2.C.2. Quasihyperbolic metrics. As alluded to above, for proper subdomains Ω R n , the so-called quasihyperbolic metric is given by |dx|/δ(x). This metric has proven useful in many areas of geometric analysis. For example, the quasihyperbolic metric in the punctured space R n * is simply |dx|/|x|, and the quasihyperbolic metric on any half-space is precisely its hyperbolic metric.
A Möbius invariant analog of the metric |dx|/|x| can be defined in the twice punctured sphereR n ab by
with the standard interpretation if one of a or b is the point at infinity. For example, τ a∞ (x)|dx| = |dx|/|x − a|, which is the quasihyperbolic metric on the punctured space R n a . It is straightforward to check that the metrics τ ab ds are Möbius invariant. In fact, τ ab ds is the unique metric onR n ab with the property that for any Möbius transformation T with
Because of the above, it seems appropriate to dub τ ab ds the quasihyperbolic metric onR n ab . Similar to Möbius balls, twice punctured spheres support an essentially unique Möbius invariant metric. First we establish this for the standard twice punctured sphere.
Lemma. A conformal metric ρ ds on R n is Möbius invariant if and only if there is a positive constant
Proof. Using the fact that Möb(R n ) consists of "rotations", dilations, and inversion with respect to the origin, it is straightforward to show that |dx|/|x| is Möbius invariant. (To check that this metric is invariant with respect to the inversion J(x) := x := x/|x| 2 , it is useful to use the facts that
For the converse, suppose ρ ds is a Möbius invariant conformal metric on R n .
and evaluating at x = a gives
as asserted.
Corollary. Suppose {ρ ab ds} a =b is a Möbius invariant class of conformal metrics defined on twice punctured spheresR
2.C.3. Ferrand and Kulkarni-Pinkhall metrics. These metrics, denoted by ϕ ds and μ ds, respectively, are defined on each quasihyperbolic domain Ω inR n . The Ferrand metric ϕ ds = ϕ Ω ds on Ω can be defined for points
This metric was first introduced by Jacqueline Ferrand in [Fer88] . The Kulkarni-Pinkall metric μ ds = μ Ω ds on Ω can be defined, for points x ∈ Ω ∩ R n , by
This metric was first introduced by Ravi Kulkarni and Ulrich Pinkall in [KP94] . The above definition was first presented in [HMM03] .
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These metrics are bilipschitz equivalent to each other, and bilipschitz equivalent to the quasihyperbolic metric (on finite domains). In fact, we have
where the δ −1 ≤ ϕ inequality holds provided Ω ⊂ R n ; see (2.10), and also, [HIM08, Cor. 4.6] and [HMM05] .
We note that the Ferrand, Kulkarni-Pinkall, and hyperbolic metrics all agree in any Möbius ball B; i.e., ϕ B = λ B = μ B . That Ferrand's metric is Möbius invariant follows from the Möbius invariance of τ ab ds. That the Kulkarni-Pinkall metric is Möbius invariant follows from its definition along with the Möbius invariance of the hyperbolic metric.
It is not difficult to show that the Ferrand and Kulkarni-Pinkall extremal quantities are achieved. For any quasihyperbolic Ω and any x ∈ Ω ∩ R n , there are points a, b ∈ ∂Ω such that ϕ(x) = τ ab (x); e.g., see [HJ13, Theorem 3.1, Remarks 3.9]. Similarly, for any quasihyperbolic Ω and any x ∈ Ω ∩ R n , there is a Möbius ball P = P(x) = P Ω (x) (that we call the Kulkarni-Pinkall extremal ball for x in Ω) with x ∈ P ⊂ Ω such that μ(x) = λ P (x). Moreover, ∂P ∩ ∂Ω contains at least two points and P is in fact the Kulkarni-Pinkall extremal ball for each point in the closed hyperbolically convex hull To be precise, given a Möbius ball B ⊂R n and a non-empty set A ⊂B, we write K B (A) to denote the smallest set K that is closed in B, that is hyperbolically convex (i.e., convex with respect to hyperbolic distance in B), and whose closure with respect toR n contains A. Thus, K B (A) is the intersection of all sets H where H ⊂ B is a closed hyperbolic half-space in B withH ⊃ A. With this notation, for each x ∈ Ω, K(x) := K P(x) (∂P(x) ∩ ∂Ω).
2.D. Classes of metrics.
Here we present some elementary examples of classes of conformal metrics. We consider the following collections of domains inR n :
• B is the set of all Möbius balls inR n , • D is the set of all quasihyperbolic domains Ω R n , • Q is the set of all quasihyperbolic domains inR n .
The conformal metric classes mentioned in Theorem A are described below; all of these, except K (which is affine invariant), are Möbius invariant:
• H := {λ B ds | B ∈ B} is the class of all hyperbolic metrics,
is the class of all quasihyperbolic metrics, • F := {ϕ Ω ds | Ω ∈ Q} is the class of all Ferrand metrics, • KP := {μ Ω ds | Ω ∈ Q} is the class of all Kulkarni-Pinkall metrics,
n } is the class of all two-point quasihyperbolic metrics defined on twice punctured spheresR n ab . In dimension n = 2 we enlarge the class H by considering all hyperbolic domains inĈ.
It is important to realize that in parts (1) and (2) of Theorem A, Q is the collection of domains being considered whereas in part (3) it is just the smaller collection of all twice punctured spheres. 
2.E. Circumballs and circumdiameters. For any non-empty bounded set
Now we present a method for calculating the Ferrand and Kulkarni-Pinkall metrics that is based on Euclidean diameters and circumdiameters. (This provides some evidence that there is a strong connection between the Ferrand and Kulkarni-
see [HJ13, 3.3(a)] and [HIM08, Prop. 4.4]. In fact, the Kulkarni-Pinkall extremal balls are given via
Because of (2.10), it is important to understand how inversions distort diameters and circumdiameters. It is geometrically transparent that the inversion J(x) = x := x/|x| 2 is expanding inside the unit ball, and thus increases diameters; e.g., see (2.2). The same holds for circumdiameters, which may be well known but is difficult to locate in the literature. 
Proof. By using a similarity transformation, we may assume that B
n is the open ball containing E. The diameter expansion is nearly trivial. Pick x, y ∈ E with diam(E) = |x − y|. Then by (2.1),
where the strict inequality holds because x, y ∈ B n . Thus (2.11a) holds. To establish (2.11b), let A := B E = B n [a; r] be the circumball containing E . Recall that the center a of A lies in the convex hull of E ∩ ∂A; see Fact 2.9(a). Since E is compact and in B n , cdiam(E) < 2. Thus we may assume that 2r = diam(A) = cdiam(E ) < 2.
Note that as A \B
, and so by (2.11a)
Meaning that E contains at least two points.
Thus we may (even) assume that A ∩ B n = ∅. That is, 1 − r < |a| < 1 + r. Let S be the (n − 2)-sphere S := A ∩ ∂B n = ∂A ∩ ∂B n = ∂A ∩ S n−1 . Next, let B be the closed Euclidean ball with the same center and radius as S. (E.g, if |a| 2 + r 2 = 1, then a would be the common center of B and S, and so B = A.) We examine the three cases where
. Let x and y be the points in A that are, respectively, closest to and furthest from the origin. A glance at an appropriate diagram reveals that |y | < |x| < |x| < |y| so |x||y| > 1 and therefore
Here A = A so the above argument fails. In fact, the argument below (for the last case) also applies to this case, but the idea can be made more explicit here. Let υ denote the angle between the line segments [0, a] and [0, z] where z is any point in S. Then (by looking at an appropriate picture) we see that
and since E ⊂ J(A \ B n ) ⊂ B, it now follows that
Recall that the center a of the circumball A lies in the convex hull of E ∩ ∂A, and that E ⊂ A \B n . In particular, this means that a cannot be too close to the origin. For example, if |a| 
2.F. Miscellaneous facts.
Here we provide some information that is used in the proofs of (3) =⇒ (4) =⇒ (2) in Theorem A. The following specialized fact provides an easy, albeit uninformative, analytic proof that Möbius balls are universally Kulkarni-Pinkall convex. Its significance is best understood by examining its role in the proof of (4) =⇒ (2) Recall that e n is the inner unit normal for H n . Let n be the inner unit normal for B; so n is orthogonal to ∂B and 'points' into B. When e n · n > 0, B * ⊂ Ω and x * ∈ B with λ B (x) > λ B (x * ). Assume e n · n < 0. Here
and therefore B * is not the Kulkarni-Pinkall extremal ball for any point in Ω.
Next we establish the following technical result that we repeatedly use to do "dimension reduction" in our argument for (3) =⇒ (4) in Theorem A.
Lemma. Let U be a non-empty open subset of the standard twice punctured sphere
R n ; here n ≥ 2. Suppose that U is k-convex in R n and that either (i)Ū =R n or (ii)Ū =B n . Let P be an (n − 1)-plane in R n and put V := U ∩ P. Then V is non-empty, open in P, k-convex in P := P \ {0} and either (i)V =P := P ∪ {∞} or (ii)V =B n ∩ P, respectively.
Proof. Clearly, V is open in P.
If γ is a k-geodesic in P with endpoints in V , then γ is also a k-geodesic in R n with endpoints in U , so γ lies in U (and in P , so in V ).
We verify that V is dense in either (i)P or (ii)B n ∩P, respectively (and therefore, V is non-empty). For this, it suffices to check that for every point p in P (or in P ∩ B n ) and all sufficiently small r > 0,
To this end, let p ∈ P (or p ∈ P ∩ B n ) and r ∈ (0, |p|) (with r < 1 − |p| in the case p ∈ P ∩ B n , so that B n (p; r) ⊂ B n ). Since P is a hyperplane, it separates R n and so it also separates B n (p; r). Thus we can write B n (p; r) \ P = A ∪ B where A and B are non-empty disjoint open subsets of R n . Appealing to the hypothesis that U is dense (either inR n or inB n ), we find points a ∈ A ∩ U and b ∈ B ∩ U . Let γ be a k-geodesic in R n with endpoints a, b. Since U is k-convex in R n , we know that γ lies in U . By Martin's theorem, B n (p; r) ⊂ R n is also k-convex in R n . Thus γ also lies in B n (p; r), so |γ| ⊂ U ∩ B n (p; r). Now γ joins a ∈ A to b ∈ B and |γ| is connected, so γ must meet P. Therefore, |γ| ∩ P ∩ B n (p; r) = ∅. Thus there is a point x ∈ |γ| ∩ P ∩ B n (p; r), so x ∈ U ∩ P and hence x ∈ V ∩ B n (p; r).
We note that in general a dense open subset of R n need not have dense intersection with every (n − 1)-plane; it could even have an empty intersection. That this holds above depends crucially on the quasihyperbolic convexity of U in R n .
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Proofs
Here we prove Theorem C (which includes Proposition B), Theorem A, and Corollary D. We begin by establishing some elementary properties of circle convexity.
3.A. Proof of Theorem C. We note that if A is circle convex inR
n and S is a sphere inR n or the closure of an affine subspace of R n , then A ∩ S is circle convex in S (provided that A ∩ S = ∅ and that S has dimension at least two).
3.1. Lemma. Let n ≥ 2. Suppose A is circle convex inR n . ThenĀ is circle convex inR n .
Proof. We establish the contrapositive. Assume there is a circle C inR n such that C ∩Ā is not connected. Then there are successive points a, p, b, q along C (in this order) such that a, b ∈Ā and p, q ∈Ā. Let T be any Möbius transformation that maps p to the origin and q to the point at infinity. Since B ∩ T (A) = ∅ and ∞ ∈ T (A), we see that T −1 (L) ∩ A is not connected. Thus A is not circle convex.
Proof of Proposition B. Let A be a non-empty closed subset ofR
n . If A is the full sphere or a single point or a closed ball, then evidently A is circle convex. We verify the converse. So, suppose that A is circle convex and that A is neither the full sphere nor a single point.
Applying an inversion with respect to any point in A c (if necessary), we may assume that A is bounded; here we use the fact that A is closed to know that each point in A c lies inside an open ball in A c . In this setting we must confirm that A is a closed Euclidean ball. Let B be the circumball containing A; i.e., B is the smallest closed ball that contains A. We show that A = B.
Applying a similarity transformation (if necessary), we may assume that B =B n . Since B is the circumball about A, we know that there exist at least two points in
Let a and b be distinct points in A ∩ ∂B. Since A is circle convex, if C is any circle inR n through a and b, then A ∩ C is a connected subset of B. Let p be any point in B
n . Let C be the circle determined by the three points a, b, p. By basic circle geometry, C ∩ S n−1 = {a, b}. This means that A ∩ C must be the subarc of C that contains p and has endpoints a, b.
Therefore, p ∈ A, and so B n ⊂ A ⊂B n . As A is closed, it follows that A =B n = B.
3.3.
Proof of Theorem C. We demonstrate that (2) ⇐⇒ (1) ⇐⇒ (3). That (1) =⇒ (2) follows from the Möbius invariance of circle convexity together with the fact that circle convex sets that lie in R n are convex. Let A be a non-empty subset ofR n . To see that (2) =⇒ (1), suppose that T (A) is convex whenever T is a Möbius transformation with T (A) ⊂ R n . Let C be a circle inR n with A ∩ C = ∅. We show that each pair of points in A ∩ C are the endpoints of a subarc of C that lies in A. Assume there exists a point c ∈ C \ A and let a, b ∈ A ∩ C.
Let T be any Möbius transformation that maps c to the point at infinity. Then
so T (A) is convex and therefore [T (a), T (b)] ⊂ T (A). It follows that
) ⊂ A and this is the desired subarc of C. That (3) =⇒ (1) is straightforward. Clearly, the entire sphere, any once punctured sphere, and any singleton are all circle convex. Suppose A = B ∪ C, where B is an open Möbius ball, ∂B ⊃ C = ∅, and either C is connected (if n = 2) or C is circle convex in ∂B (if n > 2). Let K be a circle inR n with K ∩ A = ∅.
It remains to corroborate that (1) =⇒ (3); this is the heart of the theorem! Assume that A is circle convex. First, Lemma 3.1 tells us thatĀ is also circle convex. Next, Proposition B asserts that eitherĀ is the entire sphere, or a closed ball, or a single point (in which case so is A).
SupposeĀ =R n = A. By inverting with respect to any point in A c , we may assume that A ⊂ R n . Then A is convex andĀ =R n , so A = R n . (E.g., if A had a finite boundary point, then there would be a support hyperplane for A and A would lie in some half-space.)
SupposeĀ =B for some open ball B inR n . We claim that B ⊂ A. For suppose there is some point p ∈ B \ A. By taking any circle through p that meets ∂B in two points (and so passes through three points of A c ), we find a point c ∈ ∂B \ A. Inverting with respect to the point c permits us to assume that B is an open halfspace in R n and that A ⊂ R n . In particular, A is convex. Now p ∈ ∂A ∩ B, so there is a support hyperplane for A at p, but asĀ =B, A must have points on both sides of this supposed support hyperplane.
Finally, assume that C := A ∩ ∂B = ∅. If n = 2, then ∂B is a circle and so C is connected. If n > 2, then the remarks in the first paragraph of §3.A, reveal that C is circle convex in ∂B.
3.B.
Proof of Theorem A. We establish the pictured implications.
(
The implications (1) =⇒ (3) and (2) =⇒ (3) hold because, on the relevant domains the metrics ϕ and μ are precisely the appropriate τ . The implications (4) =⇒ (1) and (4) =⇒ (2) are analogs of the results of Jørgensen and Martin. The main work is in demonstrating that (3) =⇒ (4), and here we utilize Proposition B along with "dimension reduction" arguments.
3.B.1. Proof that (4) =⇒ (1). That Möbius balls are universally Ferrand convex was first established in [Jul12] . For the reader's convenience we include a proof here. Let Ω ⊂R n be a quasihyperbolic domain. We prove that closed Möbius balls in Ω are ϕ-convex in Ω; the result for open balls then follows. Suppose B is a Möbius ball withB ⊂ Ω. We let x * denote the reflection of x across ∂B, and then for any Figure 3 . γ and its reflection γ * Suppose we are given a rectifiable path in Ω that has endpoints inB and which leavesB. (See Figure 3. ) This path has a subpath γ with endpoints in ∂B and such that γ only meetsB at its endpoints. We demonstrate that ϕ (γ) > ϕ (γ * ). By Möbius invariance we may assume that B is the upper half-space B = H n , sō H n ⊂ Ω, and that |γ| ⊂ R n . Then x → x * is the reflection R across the extended hyperplane
which in turn follows once we establish that
where the strict inequality above follows because a, b ∈H n whereas x * , a 
Our argument relies on the technical Lemma 2.12. Let x ∈ Ω \H n and let B := P(x) be the Kulkarni-Pinkall extremal ball for x.
First, suppose B * ⊂ Ω. By Lemma 2.12, x * ∈ B and λ B (x) > λ B (x * ); thus
Next, suppose B * ⊂ Ω. Here we find that
If μ(x * ) = μ(x) were true, then we would have B * = P(x * ), but then by Lemma 2.12 we would have
(which is a contradiction).
3.B.3. Alternate Proofs that (4) =⇒ (1),(2). The above (analytic) proofs, especially that of (4) =⇒ (2) which relies on Lemma 2.12, do not reveal the underlying geometric reasons that Möbius balls are universally convex for the Ferrand and Kulkarni-Pinkall metrics. Here we present an alternative geometric argument based on Propositions 2.3 and 2.11 and (2.10).
As above, it suffices to demonstrate that for both metric-densities ρ = ϕ and
where Ω ⊂R n is a quasihyperbolic domain that we assume contains the closed upper half-spaceH n . (This inequality implies that closed Möbius balls in Ω are ρ-convex in Ω.) Fix x ∈ Ω\H n . Consider p := x * and q := x in the setting of Proposition 2.3; now
. Also, R is a reflection across ∂H n and S is a reflection across S n−1 (y * ; r).
According to (2.4)-which says that
with R(E) ⊂ B n (y * ; r). Appealing to (2.10) and then Proposition 2.11 we deduce that
and similarly
3.B.4. Proof that (3) =⇒ (4). By hypothesis, U is a non-trivial non-empty open
universally τ -convex subset ofR n . Since there are at least three points inR n \ U , by Möbius invariance, we may and do assume that these points are 0, ∞, e n . That is, we may assume that U is a non-empty open subset of R n with e n ∈ U and U universally τ -convex.
First we show thatŪ =R n . Next we show thatŪ is circle convex inR n . Then we deduce that U is an open Möbius ball.
We claim that U is not dense inR n . This is not difficult to check when n = 2 (see below). We use a "dimension reduction" argument to reduce our dimension to this case. Let P be any (n − 1)-plane in R n that contains e n . According to Lemma 2.13, V := U ∩ P is a non-trivial non-empty open k-convex subset of P := P \ {0}, and ifŪ =R n , thenV =P. We can repeat this process until we produce a non-empty open V ⊂ R 2 with e 2 = (0, 1) ∈ V and V k-convex in R 2 . We claim that for such a V ,V =R 2 (soŪ =R n ). Since every circular arc centered at the origin (with angular length at most π) is a k-geodesic in R 2 and e 2 ∈ V , it follows that there is a semi-circle C with e 2 ∈ C ⊂ S 1 \ V . If V were dense inR 2 , then we could find points a, b ∈ V with |a| < 1 < |b| and a, b close to the midpoint of C, but then the k -geodesic joining a and b would cross C contradicting C ∩ V = ∅. Thus V is not dense inR 2 . It now follows that our original U is not dense inR n . Next we verify that A :=Ū is circle convex inR n . SinceŪ =R n , Möbius invariance permits us to assume that A is a bounded subset of R n . Let C be any circle inR n . We may assume that C ∩ A = ∅ = C \ A. Using Möbius invariance again, we may invert with respect to any point in C \ A and thus assume that To this end (see Figure 5 ) set
and let κ n be the shorter subarc of the circle |z| = t n + r 4 n with endpoints w n ,w n . Then
is a rectifiable path in B 2 \ D n that joins z n andz n . To show that
, and ρ (κ n ). Evidently,
and so (recalling that R n = 10 R n−1 ) we see that
It is not difficult to check that |z n − ζ n | < r 3 n . Using this in conjunction with θ n ≤ r n and t n = 4 r n we see that here the above right-hand strict inequality holds because
Obviously, we can use Möbius transformations to transport ρ ds to any punctured Möbius ball. For example, by reflecting across ∂B n = S n−1 we obtain a Möbius invariant metric |x| −2 ρ (x )|dx| on R n \B n (see (2.2)), and there are arbitrarily large Euclidean balls in R n \B n that are not convex with respect to this metric. See also Examples 4.2, 4.3, 4.4.
We can mimic the above construction to create similar metrics, e.g., on spherical rings (such as {x ∈ R n | 1 < |x| < 2}) and on infinite slabs (such as {(x 1 , . . . , x n ) ∈ R n | |x n | < 1}), as well as on Möbius images of these. Here, though we must take into account that reflection across the "center sphere" (or "center hyperplane"), is a Möbius self-map. This "works" because we know the automorphism groups for these types of regions.
It is tempting to try to use the above idea to construct such a metric on the twice punctured sphere R n , but as the alert reader recognizes, this will fail because dilations are also self-maps of R n . Indeed, according to Lemma 2.5, in conjunction with Martin's theorem, Euclidean balls are always ρ-convex for any Möbius invariant metric ρ ds on R n . Now we describe several classes of complete Möbius invariant conformal metrics, all of which satisfy the assertions stated in Example E. Now we turn to examples involving punctured spheres. We restrict our attention toR 2 which we identify withĈ. Suppose Ω :=Ĉ \ F where F ⊂Ĉ is a finite set with card(F ) ≥ 4. It is known (see [BM08] ) that "most" such domains have a trivial automorphism group: the only Möbius self-map of "most" such regions is the identity. It is easy to produce a complete Möbius invariant conformal metric ρ ds on such an Ω with the property that Ω contains many Möbius balls that are not ρ-convex. Indeed, we simply pick disjoint disks centered at the points of F , transport ρ ds (the metric from Lemma 4.1) to each of these disks, and then paste all these metrics together by using the underlying hyperbolic metric λ ds = λ Ω ds; see below for ideas of how to do this pasting.
The triply punctured spheresĈ abc :=Ĉ \ {a, b, c} form an important class of domains that possess non-trivial automorphism groups, so the above argument does not work. For example, the conformal automorphism group forĈ 1ωω (ω := e 
4.4.
Exercise. There are complete Möbius invariant conformal metrics ρ Ω ds, defined on each Ω ∈ S n , such that each Ω contains infinitely many Möbius balls that are not ρ Ω -convex, and {ρ Ω ds | Ω ∈ S n } is Möbius invariant.
Proof. Evidently, it suffices to construct an appropriate metric on Ω = Ω n (which can then be transported to each Möbius image of Ω). We note that the conformal automorphism group for Ω is generated by J and R where J(z) := 1/z and R(z) := ω z. For future reference, we remind the reader that ρ is constant on each circle |z| = r ∈ (0, 1). We note that each metric ρ k ds is J-invariant, and evidently, R [ρ k ds] = ρ k−1 ds. We use the underlying hyperbolic metric λ ds = λ Ω ds to "paste together" the metrics ρ k ds and define a metric ρ ds on all of Ω. To this end, for each k ∈ {1, . . . , n}, set It follows that we can define σ k in D k by
and σ k is continuous (and clearly positive) in D k .
As points z ∈ D k approach ∂D k , T k (z) approaches S 1 = ∂B 2 , so ρ (T k (z)) → +∞. As |T k (z)| is bounded away from 0 (for z ∈D k ), there are neighborhoods U k of ∂D k in A k such that ∀ z ∈ U k , σ k (z) = C λ(z) .
In particular, this means that we can define a continuous positive ρ on Ω \ {∞} by ρ ds defined on all of Ω, and near each point of ∂Ω (i.e., near each of the punctures ω k ) there are arbitrarily small Euclidean disks in Ω which fail to be ρ-convex.
